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Abstract: We study the renormalization group(RG) evolution of four-quark operators that
contribute to the top pair production. In particular, we focus on the cases in which certain
observables are first induced from the one-loop RG while being absent at tree-level. From the
operator mixing pattern, we classify all such RG-induced phenomena and underlying models
that can induce them. We then calculate the full one-loop QCD RG evolution as the leading
estimator of the effects and address the question of which RG-induced phenomena have largest
and observable effects. The answer is related to the color structure of QCD. The studied topics
include the RG-induction of top asymmetries, polarizations and polarization mixings as well
as issues arising at this order. The RG-induction of top asymmetries is further compared with
the generation of asymmetries from QCD and QED at one-loop order. We finally discuss the
validity of using the RG as the proxy of one-loop effects on the top pair production. As an
aside, we clarify the often-studied relations between top pair observables.
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1 Introduction
The Tevatron and the early LHC reached the percent-level precision of top pair data to test
the Standard Model (SM) and to disfavor a large set of new physics models. The top quark is,
however, still believed to be a sensitive probe of new physics related to the electroweak sym-
metry breaking. The slight discrepancy between the top asymmetry data from the Tevatron
and theoretical prediction also remains unresolved needing the sub-percent level of precision
measurements and theoretical calculations. The LHC13 can produce 900 pb× 20/fb ∼ 18
million tops a year or so and more at higher collision energies, and such a high precision will
be achieved.
Along the top pair precision program, not only dedicated higher-order calculations but
also qualitative and intuitive understanding of what phenomena can arise at higher-order and
which underlying models can induce them will be precious knowledge. The SM higher-order
calculations have been made significant progresses recently [1–3], and more is coming. Higher-
order corrections to even some new physics models have also been calculated [4, 5] (but not
for all models). It is also useful to study higher-order physics more model-independently and
systematically using the effective operators which will aid the latter purpose.
In this paper, we assume that new physics is around the TeV scale, and we use d = 6
four-quark effective operators to describe them. We especially focus on their effects that arise
first at one-loop order. In these cases, the RG calculation is most useful as the RG effect is
the leading contribution, and its effect can be most usefully and dramatically presented. The
operator mixing [6, 7] is a suitable language to describe the induction of new phenomena at
one-loop order because the induction of new operator leads to the new phenomena as we will
see in Sec.2. The pattern of operator mixing which can be approximately understood from the
quantum numbers of operators would indicate the possible RG-induction of phenomena and
underlying models. We study them in this paper using four-quark effective operators in the
top pair production; see Refs. [5, 8–14] for other studies of higher-order effects from effective
operators. One advantage of top physics in our study is that many top observables can be
measured, and each operator mixing pattern can have observable impact in the future when
all those observables are measured.
This paper is outlined as following. We first calculate top pair observables in terms of four-
quark operators in Sec.2. Operator quantum numbers, relations between observables and the
useful basis for the operator mixing will be discussed. Then we summarize our RG calculation
in Sec.3. Main qualitative discussions on the operator mixing pattern will be presented in
Sec.4.1 with some emphasis on the color structure of QCD in Sec.4.3. Main numerical results
are presented in the remaining subsections of Sec.4, and we classify underlying models in
Sec.4.2. Discussions on the validity of the RG calculation as a leading estimation of the
one-loop effects are presented in Sec.5. Then we conclude in Sec.6.
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2 Observables
We first calculate the top pair observables in terms of four-quark operators (evaluated at mt
scale). Among the full set of operators that are complete and closed under QCD RG evolution
(that will be introduced in Sec.3), four-quark operators composed of light-quark and top-quark
currents can contribute to the qq¯ → tt¯ top pair productions at leading order. They are denoted
by
Leff 3
∑
A,B
(
C
(8)
AB
Λ2
O(8)AB +
C
(1)
AB
Λ2
O(1)AB
)
, (2.1)
O(8)AB = (u¯γµT a u)A (t¯γµT a t)B , O(1)AB = (u¯γµ u)A (t¯γµ t)B . (2.2)
We use these operators in the discussions throughout this paper except in Sec.3 and 4.2. The
subscript A, B can be L(left) or R(right) chiralities in L-R basis, and V(vectorial) or A(axial-
vectorial) in V-A basis. Note that, symbolically, V = R + L and A = R−L hold. The Λ is an
assumed new physics mass scale. Although we write operators involving up quarks only, we
also consider similar operators with down quarks as well.
We use operators in both L–R and V–A basis (or even linear combinations of them)
throughout this paper. A caution is that the conversion formula from one basis to another do
not apply to their Wilson coefficient in the same way. If the relation Obasis1i = PijObasis2j holds,
the corresponding Wilson coefficients satisfy Cbasis1i = (P
T−1)ijCbasis2j Relations between the
L–R and V–A basis are collected in Appendix D. An example of useful relations is
O(8)VV = O(8)RR +O(8)LL +O(8)RL +O(8)LR,
C
(8)
VV =
1
4
(
C
(8)
RR + C
(8)
LL + C
(8)
RL + C
(8)
LR
)
, (2.3)
which means that O(8)VV can be decomposed into all four operators in the L–R basis with all
same coefficients; in other words, if all four L–R operators have the same coefficients, the
theory contains only O(8)VV in the V–A basis.
2.1 Independent observables of top pair
We define top pair observables and calculate them in terms of the four-quark operators. We
also show their independence. They are independent in the sense that they are contributed
from independent operators. Based on the independence, we discuss relations among observ-
ables, especially the one between the top asymmetry and polarization.
In calculating top pair observables, we work up to the interference between QCD and
effective operators in Eq.(2.1). The square of the effective operators does not contribute to
most of our discussions; the square effects are discussed in Sec.4.6 and Appendix C.
To this end, it is useful to work with helicity cross-sections. Let us denote right(left)-
handed top and anti-top by ± indices. Initial spin- and color-averaged helicity cross-sections
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are (up to the interference)
σ++ = σ−− =
8piα2s
27sˆ
m2tβt
sˆ
[
1 +
sˆ
Λ2
2C
(8)
VV
g2s
]
, (2.4)
σ+− =
4piα2s
27sˆ
βt
[
1 +
sˆ
Λ2g2s
(
2C
(8)
VV + 2βtC
(8)
VA
)]
, (2.5)
σ−+ =
4piα2s
27sˆ
βt
[
1 +
sˆ
Λ2g2s
(
2C
(8)
VV − 2βtC(8)VA
)]
. (2.6)
Terms not suppressed by Λ2 are SM contributions. The forward-backward asymmetric helicity
cross-sections, aλ1λ2 , are defined by
aλ1λ2 =
(∫ 1
0
d cos θ −
∫ 0
−1
d cos θ
)
dσλ1λ2
d cos θ
, (2.7)
where θ is the angle between incoming light quark and outgoing top quark. Then aλ1λ2 read
a++ = a−− = 0 , (2.8)
a+− =
2piα2s
9sˆ
βtsˆ
Λ2g2s
(
βtC
(8)
AA + C
(8)
AV
)
, (2.9)
a−+ =
2piα2s
9sˆ
βtsˆ
Λ2g2s
(
βtC
(8)
AA − C(8)AV
)
. (2.10)
Now, we write various top observables in terms of these helicity cross-sections. The total
top pair production and forward-backward asymmetric cross-sections are expressed as
σtot = σ++ + σ−− + σ+− + σ−+ =
8piα2s
27sˆ
βt
(
1 +
2m2t
sˆ
)[
1 +
sˆ
Λ2
2C
(8)
VV
g2s
]
, (2.11)
σFB ∝ N(tF)−N(tB) ∼ N(cos θt > 0)−N(cos θt < 0)
= a++ + a−− + a+− + a−+ =
4piα2s
9sˆ
β2t sˆ
Λ2g2s
C
(8)
AA, (2.12)
where we symbolically express that the forward-backward asymmetric cross-section measures
the asymmetry between the number(N) of forward(tF)- and backward-tops(tB) and that it
is actually measured from the direction of top quarks relative to the proton beam direction,
cos θt. The proton direction is not unique at the LHC; either probabilistically correlated
directions or the absolute rapidity difference are used instead [2, 15, 16]. The top polarization
depends on different coupling combination
σPt ∝ N(tR)−N(tL) ∼ N(cos θ` > 0)−N(cos θ¯`< 0)
= σ++ − σ−− + σ+− − σ−+ = 16piα
2
s
27sˆ
β2t sˆ
Λ2g2s
C
(8)
VA, (2.13)
σPt¯ ∝ N(t¯L)−N(t¯R)
= −σ++ + σ−− + σ+− − σ−+ = 16piα
2
s
27sˆ
β2t sˆ
Λ2g2s
C
(8)
VA . (2.14)
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Note that the top polarization is induced by b± of Ref. [17] and essentially equals to D of
Ref.[18]. The spin-correlation of top pairs is expressed as
σCtt¯ ∝ N(tRt¯L) +N(tLt¯R)−N(tRt¯R)−N(tLt¯L)
∼ N(cos θ` cos θ¯`> 0)−N(cos θ` cos θ¯`< 0)
= −σ++ − σ−− + σ+− + σ−+ = 8piα
2
s
27sˆ
βt
(
1− 2m
2
t
sˆ
) [
1 +
sˆ
Λ2
2C
(8)
VV
g2s
]
. (2.15)
Another independent observable is the forward-backward asymmetry of top polarizations
σDFB ∝ N(tF,R)−N(tF,L) +N(tB,L)−N(tB,R)
∼ N(cos θt cos θ` > 0)−N(cos θt cos θ` < 0)
= a++ − a−− + a+− − a−+ = a+− − a−+ = 4piα
2
s
9sˆ
βtsˆ
Λ2g2s
C
(8)
AV. (2.16)
The lepton direction cos θ` defined with respect to the given reference direction is used to
measure the top polarization; two typical choices of the reference direction are the top direction
in the tt¯ rest frame called the helicity basis and the beam direction called the beam basis [19].
Observables are normalized by the total cross-section
AFB =
σFB
σtot
, Pt = σPt
σtot
, Ctt¯ =
σCtt¯
σtot
, DFB = σDFB
σtot
. (2.17)
In summary, all four chiral couplings C(8)VV, C
(8)
AA, C
(8)
VA, C
(8)
AV can, in principle, be deter-
mined by four observables σtot, AFB,Pt, DFB1. The correspondence is summarized as (see also
Refs.[17, 18, 20])
· σtot, Ctt¯ ↔ C(8)VV
· AFB ↔ C(8)AA
}
P-even
· Pt ↔ C(8)VA
· DFB ↔ C(8)AV
}
P-odd (2.18)
As advertised, each observable is contributed from single operator in the V–A basis. This basis
is suitable for the operator mixing discussion because the induction of new operator in this
basis directly implies the induction of new top pair observable. The parity quantum numbers
of operators shown in Eq.(2.18) are useful to understand the pattern of operator mixing as
will be discussed later.
Interestingly, the top asymmetry is induced by the parity-even operator, OAA, although
individual currents are axial and therefore parity violating. Moreover, the operator OAA does
not induce the top polarization which is parity-odd observable. This might be viewed as
counter-intuitive, at first. Consider the OAR operator, for example. As only right-handed
1The spin-correlation provides new complementary information if non-four-quark operators exist [17].
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tops are interacting, one may expect some degree of right-handed top polarizations. However,
the top polarization is theoretically zero as we just discussed. What the OAR operator does is
to induce the top asymmetry while leaving the total cross-section unchanged. These are un-
derstood as the production of forward (right-handed) top events and the removal of the same
number of backward (right-handed) top events. Alternatively, the relation, OAR = ORR−OLR,
shows that ORR produces right-handed (forward) tops while −OLR removes (backward) right-
handed tops. Thus, the total rate and the top polarization are not modified while the top
asymmetry is generated. This clarifies the commonly studied relation between top asymme-
tries and top polarizations; two observables have different parity quantum numbers and are
completely independent, so top polarizations can still be zero even though top asymmetries are
induced from new right-handed top interactions. As a corollary, if non-zero top polarizations
are measured, it necessarily implies the existence of parity violating top interactions.
We comment that, in practice, non-zero top polarizations can still be measured even
though zero polarizations are theoretically expected. The top polarization is measured through
the angular distribution of charged lepton decay products. But, under selection cuts, different
distributions of lepton rapidities from right- and left-handed tops cause certain bias among
them. Moreover, top quarks themselves can be produced with different rapidity spectrum in
different underlying models (even with same top polarizations). Dedicated collider studies,
e.g. Ref.[21], indeed show that non-zero (and different) top polarizations will be measured
from various models including the SM and the axigluon that theoretically produce zero po-
larizations.
Several observables proposed in literatures can be used to disentangle the subtle relation
between top asymmetries, top polarizations, and chiralities of top and light quark couplings.
The lepton forward-backward asymmetry depends both on the asymmetry and the chirality
of tops produced [21–24]. Furthermore, the threshold lepton asymmetry can directly measure
the chirality of light quark interactions [25]. The top polarization asymmetry, DFB, introduced
in Eq.(2.16) (and similarly in Refs.[18, 26]) can also provide useful information as it is the
observable induced by the OAV operator.
2.2 Observables at hadron colliders
Based on the expressions derived in previous subsection, we numerically evaluate observables
at hadron colliders by convoluting with CTEQ6.6M parton distribution functions (PDF) [27].
We use following SM parameters
mt = 173.0 GeV , αS(mZ) = 0.1180, mZ = 91.19 GeV , s
2
W = 0.2315. (2.19)
At Tevatron(
√
s = 1.96 TeV ), our leading order SM prediction is
σSMtot = 5.50 pb , (gg : 0.55 pb , qq¯ : 4.95 pb ). (2.20)
We do not include any electroweak effects.
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Our effective theory predictions at Tevatron(
√
s = 1.96 TeV ) are (decomposed into uu¯
and dd¯-initiated contributions, so we use superscripts on Wilson coefficients to distinguish
them)
∆σtot = (37 fb
+9.2
−6.6 · 4Cut(8)VV + 6.1 fb +1.6−1.2 · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.21)
σFB = (14 fb
+3.6
−2.6 · 4Cut(8)AA + 2.2 fb +0.61−0.43 · 4Cdt(8)AA )
(
3 TeV
Λ
)2
, (2.22)
σPt = (19 fb
+4.9
−3.5 · 4Cut(8)VA + 2.9 fb +0.62−0.58 · 4Cdt(8)VA )
(
3 TeV
Λ
)2
, (2.23)
σCtt¯ = (21 fb
+5.4
−3.9 · 4Cut(8)VV + 3.4 fb +0.92−0.65 · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.24)
σDFB = (22 fb
+5.5
−3.9 · 4Cut(8)AV + 3.6 fb +0.96−0.68 · 4Cdt(8)AV )
(
3 TeV
Λ
)2
, (2.25)
where uncertainties are obtained by varying the renormalization and factorization scales µR,F
by factor of 2 around mt. ∆σtot is defined as ∆σtot = σtot− σSMtot . Additional renormalization
scale uncertainty arises from RG evolution of Wilson coefficients and this will be separately
calculated later. We keep the factor 4 in front of the Wilson coefficients for our convenience.
In the region of high mass mtt¯ ≥ 800 GeV , SM is σSMtot = 38 fb and
∆σtot = (1.1 fb
+0.40
−0.29 · 4Cut(8)VV + 0.081 fb +0.030−0.021 · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.26)
σFB = (0.69 fb
+0.25
−0.17 · 4Cut(8)AA + 0.052 fb +0.020−0.013 · 4Cdt(8)AA )
(
3 TeV
Λ
)2
, (2.27)
σPt = (0.91 fb
+0.34
−0.22 · 4Cut(8)VA + 0.069 fb +0.027−0.018 · 4Cdt(8)VA )
(
3 TeV
Λ
)2
, (2.28)
σCtt¯ = (0.92 fb
+0.33
−0.23 · 4Cut(8)VV + 0.069 fb +0.027−0.017 · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.29)
σDFB = (0.74 fb
+0.28
−0.18 · 4Cut(8)AV + 0.056 fb +0.022−0.014 · 4Cdt(8)AV )
(
3 TeV
Λ
)2
. (2.30)
For mtt¯ ≥ 650 GeV , the highest mass bin where top asymmetry is measured (σSMtot = 218 fb )
∆σtot = (4.1 fb · 4Cut(8)VV + 0.41 fb · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.31)
σFB = (2.5 fb · 4Cut(8)AA + 0.24 fb · 4Cdt(8)AA )
(
3 TeV
Λ
)2
. (2.32)
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The results at LHC8 are (σSMtot = 142 pb )
∆σtot = (188 fb · 4Cut(8)VV + 111 fb · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.33)
σPt = (116 fb · 4Cut(8)VA + 67 fb · 4Cdt(8)VA )
(
3 TeV
Λ
)2
, (2.34)
and for mtt¯ ≥ 1 TeV for which top resonances were searched (σSMtot = 2.54 pb )
∆σtot = (19 fb · 4Cut(8)VV + 9.5 fb · 4Cdt(8)VV )
(
3 TeV
Λ
)2
, (2.35)
σPt = (17 fb · 4Cut(8)VA + 8.8 fb · 4Cdt(8)VA )
(
3 TeV
Λ
)2
. (2.36)
Most constraining data are the Tevatron total cross-section and total and high-mass top
asymmetries and the LHC8 total cross-section and heavy resonance searches. Those data
are collected in Table.2 in comparison with our benchmark model predictions that will be
discussed in Sec.4. At LHC with higher collision energy, gg-initiated production becomes
more important, so we do not consider them in this paper.
3 Operator renormalization
We now calculate the RG evolution of four-quark operators. We introduce our full operator
basis used for the renormalization in Sec.3.1 and then summarize the procedure to solve RG
equations in Sec.3.2. Main physics of the operator renormalization underlying our study is
qualitatively discussed in Sec.4.1 before we move on to a full numerical study in the next
section.
3.1 Operator basis closed under QCD RG evolution
Once the SM equations of motion are consistently used, a set of four-quark operators form
a complete basis closed under QCD RG evolution [12]. We denote the four-quark effective
operators as
Leff =
∑
i,j={qA}
C
(8)
ij (µ)
Λ2
O(8)ij +
∑
i,j={qA}
C
(1)
ij (µ)
Λ2
O(1)ij , (3.1)
O(1)ij = jµi jµj , O(8)ij = jaµi jaµj . (3.2)
Operators are bilinears of the current jµqA = (q¯ γµ q)A or j
aµ
qA = (q¯ T
a γµ q)A. Indices i, j denote
the flavor and chirality of each current. We assume that new physics is flavor-conserving, so
are the currents.
We emphasize that the operators OAB used to calculate the top pair production at mt
scale in Sec.2 are subsets of full set of operators Oij here; the operator subset in Sec.2 is the
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one that contributes to the qq¯ → tt¯ at tree-level. These operators can be induced from the
full set of operators introduced here through the operator mixing during QCD RG evolution.
The phenomenology of this RG effect is our subject and is studied in Sec.4.
We do not consider non-four-quark operators that can still affect top pair production
such as chromo-magnetic penguin operator Ogh = HQ¯3σµνT atGaµν and triple gluon field
strength operator OG = fabcGaνµ Gbρν Gcµρ which were discussed in Refs. [17, 28]. Obviously
those operators are generated at Λ through loop correction which is a higher-order effect to the
leading RG contribution. On top of that, the operator mixing from four-quark operators toOgh
begins with two-loop diagram analogous to the case of weak Hamiltonian in B-physics [29, 30].
Apparently, this is also the case for the mixing effect from four-quark operators to OG. Those
two-loop RG effects may be minor and the treatment of them is beyond the scope of this
work. We will consider only models generating four-quark operators at tree-level matching
and ignore all non-four-quark operators.
We introduce two operator bases that we use to calculate QCD RG evolution in Sec.3.1.1
and Sec.3.1.2. They are closed under QCD RG evolution and complete even though they are
subsets of full dimension-6 effective operators categorized in Ref. [31]. They are complete
because we are considering only models generating four-quark operators. We cross-checked
our RG equations with those from Ref [13] by converting the operator basis properly.
3.1.1 Tree-penguin classified basis
Our first basis is intended to clearly distinguish the origin of operators as tree-level, one-
loop penguin and two-loop double penguin diagrams. This classification is analogous to that
of the weak Hamiltonian in B physics [7]. Since we consider a tree-level matching in this
paper, only the tree-level operators are generated at the matching scale; but the other two
are generated through the QCD RG evolution with penguin coefficients. The coefficients of
penguin operators are the convenient measures of penguin effects.
The tree-operators are defined by
LL : O(1)QiQj = λij
(
Q¯iγµQi
) (
Q¯jγ
µQj
)
,
O(8)QiQj = λij
(
Q¯iγµT
aQi
) (
Q¯jγ
µT aQj
)
,
RR : O(1)qq′ = (q¯γµq)
(
q¯′γµq′
)
, O(8)qq′ = (q¯γµT aq)
(
q¯′γµT aq′
)
, (q 6= q′)
O(8)qq =
1
2
(q¯γµT
aq) (q¯γµT aq) ,
LR : O(1)Qiq =
(
Q¯iγµQi
)
(q¯γµq) , O(8)Qiq =
(
Q¯iγµT
aQi
)
(q¯γµT aq) . (3.3)
We keep the SU(2)L gauge symmetry in the operator basis. Qi are SU(2) doublet left-handed
quarks with generation index i = 1, 2, 3. q’s are SU(2) singlet right-handed quarks which can
be u, d, s, c, b, t. Color-singlet RR-type operators with four identical quarks are reduced to
its color-octet operators using color identities and Fierz transformations: for example O(1)uu =
1
2 (u¯γµu) (u¯γ
µu) = 3O(8)uu . It is convenient to introduce a symmetry factor 1/2 or λij =
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1/(1+δij) for such operators with four identical quarks. These tree operators form a complete
basis closed under QCD RG evolution by themselves.
The penguin operators are defined by
LL : O(1)QiΣQ =
(
Q¯iγµQi
)∑
k
λik
(
Q¯kγ
µQk
)
,
O(8)QiΣQ =
(
Q¯iγµT
aQi
)∑
k
λik
(
Q¯kγ
µT aQk
)
,
RR : O(1)q′Σq =
(
q¯′γµq′
)∑
q
λq′q (q¯γ
µq) , O(8)q′Σq =
(
q¯′γµT aq′
)∑
q
λq′q (q¯γ
µT aq) ,
LR : O(1)QiΣq =
(
Q¯iγµQi
)∑
q
(q¯γµq) , O(8)QiΣq =
(
Q¯iγµT
aQi
)∑
q
(q¯γµT aq) ,
RL : O(1)qΣQ = (q¯γµq)
∑
i
(
Q¯iγ
µQi
)
, O(8)qΣQ = (q¯γµT aq)
∑
i
(
Q¯iγ
µT aQi
)
. (3.4)
Likewise, double penguin operators contain effects from double penguin diagrams, and
are defined by
LL : O(1)ΣQΣQ =
∑
i
(
Q¯iγµQi
)∑
j
λij
(
Q¯jγ
µQj
)
,
O(8)ΣQΣQ =
∑
i
(
Q¯iγµT
aQi
)∑
j
λij
(
Q¯jγ
µT aQj
)
,
RR : O(1)ΣqΣq =
∑
q
(q¯γµq)
∑
q′
λqq′
(
q¯′γµq′
)
,
O(8)ΣqΣq =
∑
q
(q¯γµT
aq)
∑
q′
λqq′
(
q¯′γµT aq′
)
.
LR : O(1)ΣQΣq =
∑
i
(
Q¯iγµQi
)∑
q
(q¯γµq) ,
O(8)ΣQΣq =
∑
i
(
Q¯iγµT
aQi
)∑
q
(q¯γµT aq) . (3.5)
Even though the penguin and double penguin operators are redundantly defined, they are
useful since all the penguin effect in RG evolution is separately absorbed into penguin operators
so that one can easily distinguish the origin of the RG effect. A complete list of anomalous
dimension matrix(ADM) is provided in Appendix A.
3.1.2 Fully expanded basis without SU(2)L
Our second basis does not assume the SU(2)L gauge symmetry. The basis is intended for
most straightforward calculation, and can perhaps be used to study the evolution of small
SU(2)L-breaking effects from new physics. But the SU(2)L can still be imposed by boundary
conditions; see Appendix B. Both left- and right-handed quarks are denoted by qA for the
quark flavor q and the chirality A. For any given qA, we have the currents j
µ
qA and j
aµ
qA in
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HaL HbL HcL
HdL HeL
Figure 1. Feynman diagrams for the QCD ADM of effective four-quarks operators. Square dots
denote the operator insertion. Diagrams (a), (b) and (c) generate tree-operators and diagrams (d)
and (e) generate penguin-operators in the tree-penguin basis.
Eq.(3.2). This basis really contains all current-current combinations (see Eq.(3.1))
O(1)
qAq
′
B
= jµqAjq′Bµ, O
(8)
qAq
′
B
= jaµqA j
a
q′Bµ
. (3.6)
As mentioned, when qA = q′B, color-singlet operators are reduced to their color-octet counter-
parts. No symmetry factors are factored out. The basis spans 144 operators including all six
flavors. A complete list of 144× 144 ADM is provided in Appendix B.
3.2 Renormalization group equations
For the completeness and introduction of our notation, we summarize how to solve RG equa-
tions. Ultraviolet divergences in the one-loop calculation of effective operators are absorbed
by operator renormalization constants
Obarei = ZO ijOj . (3.7)
The one-loop diagrams of effective four-quarks operators are shown in Fig. 1. If we expand
ZO ij in 1/ε within the dimensional regularization with d = 4− 2 ε
ZO ij = δij +
∑
k=1
Z
(k)
O,ij
εk
, (3.8)
one can derive the ADM γij can be obtained by
γij = Z
−1
O ik
dZO kj
d lnµ
= −2αs
dZ
(1)
O, ij
dαs
. (3.9)
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Wilson coefficients satisfy the following RG equation which can be obtained by demanding
the effective theory amplitude is scale-independent.
dCi(µ)
d lnµ
= Cj(µ)γji = γ
T
ijCj(µ). (3.10)
By diagonalizing the ADM with a matrix V
γ̂ ≡ V −1γTV, Ĉi(µ) = V −1ij Cj(µ) , (3.11)
where γˆ is diagonalized matrix, one can decouple the RG equation
dĈi(µ)
d lnµ
= γ̂iĈi(µ). (3.12)
It is straightforward to solve Eq. (3.12) at one-loop order; each Wilson coefficient now runs
individually according to its ADM eigenvalue
Ĉi(µ) =
(
αs(Λ)
αs(µ)
) γ̂0i
2β0
Ĉi(Λ), (3.13)
where β0 = 11Nc3 − 23nf = 7 with nf = 6 for µ > mt. At the renormalization scale µR, we
transform coefficients back to the original basis
Ci(µR) = VijĈj(µR) = Vij
(
αs(Λ)
αs(µR)
) γ̂0j
2β0
V −1jk Ck(Λ). (3.14)
4 Leading RG effects absent at tree-level
This section contains our main numerical results. We first qualitatively discuss the pattern
of operator mixing by simplifying the structure of the full ADM. This allows us to classify
possible RG-induced phenomena and underlying models. We then numerically compute each
RG-induced phenomena in turn.
4.1 Operator mixing pattern
Most important features of QCD RG evolution that will be the basis of our study can be read
from the following 4× 4 subset of the full ADM:
{O(1)LL , O(8)LL , O(1)LR, O(8)LR }, (4.1)
where we use the notation of Sec.2: for example, O(8)LL = (u¯LγµT auL)(t¯LγµT atL) for the up-
quark contribution. Penguin effects are numerically subdominant and therefore we ignore
them in this approximate discussion. Under this approximation, the subset is closed under
QCD RG evolution and flavors of operators are not mixed. Penguin effects are, however,
included in our full numerical studies and discussed in relevant places.
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The corresponding 4× 4 ADM is given by (ignoring penguin contributions)
γ0 =

0 12 0 0
8
3 −4 0 0
0 0 0 −12
0 0 −83 −14
 , γ =
αs
4pi
γ0. (4.2)
The eigenvalues are γ̂0i = −8, 4 and −16, 2, respectively for each block-diagonal 2× 2 matrix.
The same ADM is obtained for the remaining four operators of ORR and ORL types.
We extract two main features of QCD RGE:
• O(8)LL and O(8)LR color-octet operators run differently (while O(8)LL and O(8)RR and, separately,
O(8)LR and O(8)RL run in the same way). In other words, O(8)VV and O(8)AA mix with each other
and, separately, O(8)VA and O(8)AV mix, but two sets do not mix. This mixing pattern is
consistent with the parity quantum numbers of operators; QCD is parity-conserving and
parity-odd operators are not induced from parity-even operators2. The mixing between
O(8)VV and O(8)AA provides a useful insight on how QCD generates top asymmetries at
one-loop order as will be discussed in Sec.4.3.
• Color-singlet and -octet operators with same chiralities, e.g. O(8)LL and O(1)LL , mix with
each other. This mixing pattern implies that color-singlet models can interfere with
the SM at one-loop order although they do not at tree-level. Various one-loop effects of
color-singlet models are indeed relevant and can be studied from the QCD RG evolution.
It also provides a useful way to understand how QED generates top asymmetries as will
be discussed in Sec.4.3. Furthermore, the ADM is not a symmetric matrix. Thus, the
mixings of octet and singlet operators into each other are different.
All these features are reflected in the following approximate solutions of the RG equations
using the ADM in Eq.(4.2)
C
(8)
VV(mt) ' C(8)VV(Λ) +
αs
4pi
ln
mt
Λ
(
12C
(1)
AA(Λ)− 9C(8)VV(Λ) + 5C(8)AA(Λ)
)
, (4.3)
C
(8)
AA(mt) ' C(8)AA(Λ) +
αs
4pi
ln
mt
Λ
(
12C
(1)
VV(Λ)− 9C(8)AA(Λ) + 5C(8)VV(Λ)
)
, (4.4)
C
(8)
VA(mt) ' C(8)VA(Λ) +
αs
4pi
ln
mt
Λ
(
12C
(1)
AV(Λ)− 9C(8)VA(Λ) + 5C(8)AV(Λ)
)
, (4.5)
C
(8)
AV(mt) ' C(8)AV(Λ) +
αs
4pi
ln
mt
Λ
(
12C
(1)
VA(Λ)− 9C(8)AV(Λ) + 5C(8)VA(Λ)
)
, (4.6)
where we expand the leading RG effect up to order αs. RG-induced terms are proportional
to large logarithmic term αs4pi ln
mt
Λ .
2This parity argument does not prohibit the RG-induction of parity-even operators from parity-odd oper-
ators. Indeed, penguin diagrams induce such mixing.
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Initial condition s-channel resonance gu gt
VV(1), VV(8) color-singlet/octet vector guR = guL = gdR gtR = gtL = gbR
AA (1), AA(8) color-singlet/octet vector guR = −guL = gdR gtR = −gtL = gbR
AV(1), AV(8) color-singlet/octet vector guR = −guL = gdR gtR = gtL = gbR
VA(1), VA(8) color-singlet/octet vector guR = guL = gdR gtR = −gtL = gbR
VR(8) color-octet vector guR = guL = gdR gtR = gbR , gtL = 0
Table 1. Models used to describe the phenomena first induced by RG at one-loop. Two parameters,
gu and gt, specify all couplings; gu(gt) denotes couplings to the first two (third) generations. We do
not use different notations for octet and singlet couplings for simplicity. The matching is given by
Eq.(4.8) and Eq.(4.9).
4.2 Models and matching
We select benchmark models to illustrate RG-induced phenomena. Most dramatic and im-
portant illustrative phenomena are ones absent at tree-level but induced first at one-loop
order. Here, calculations of one-loop RG equations are most useful and important because
one-loop RG effects are leading contributions. At this order, the relevant observables receive
only RG-induced terms with large logarithmic terms in Eq.(4.3)-Eq.(4.6).
The benchmark models are listed in Table. 1. Models are chosen to have only one effective
operator in the V–A basis at Λ so that the operator mixing effect is more clearly separated. In
this case, the RG-induction of other operators at low-energy becomes the leading contribution
to the phenomena (see Sec.2 for the correspondence between observables and operators in the
V–A basis and Sec.4.6 for another reason why the V–A basis is suitable for us). The last
model in the Table is considered for another purpose.
The models containing a heavy s-channel resonance Xµ,
Lfull 3 gqA jµqAXµ or gqA jaµqAXaµ (4.7)
is matched to four-quark effective operators in Eq.(3.2) at Λ. The gqA with the flavor index
q and the chiral index A denotes the coupling strength of the new particle Xµ to the current
jµqA . We comment that t-channel models [32], after the Fierz transformations, do not satisfy
any of the initial conditions in Table 1, thus we do not consider them.
If a new physics respects the SU(2)L symmetry, the tree-level matching coefficients in the
tree-penguin classified basis of Sec.3.1.1 are as follows
CQiQj = −gqLgq′L , CQiq′ = −gqLgq′R , Cqq′ = −gqRgq′R , (4.8)
where generation index i(j) corresponds to that of q(q′). Penguin and double penguin oper-
ators vanish at Λ. The Wilson coefficients can be either color-singlet or -octet. For the fully
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Figure 2. Wilson coefficients of models with parity-even operators evaluated at the mt scale. They
are RG evolved down from Λ where models with gu = −gt = 1 are matched to operators. Shaded
bands are scale uncertainties.
expanded basis introduced in Sec.3.1.2,
CqAq′B =
{
−gqAgq′B for qA 6= q′B
−g2qA/2 for qA = q′B
. (4.9)
The factor of 1/2 in Eq.(4.9) is absorbed into the definition of operators with i = j in the
tree-penguin basis; e.g. see O(8)qq in Eq.(3.3). The factor of 1/2 arises due to the symmetry
factors that arise from the contraction of 4 identical quarks with bilinear operator. We simply
normalize the scale of effective operators to Λ.3
4.3 RG-induction of top asymmetries
At tree-level, the top asymmetry is induced by O(8)AA operator. All possible RG-induction of top
asymmetries is thus based on one of the following operator mixing patterns: O(8)VV,O(1)VV,O(1)AA →
3The actual effective operator scale Λ is determined not only by the mass of new particles, MX , but also by
operator power counting schemes. For example, the naive dimensional analysis implies Λ ∼ MX/4pi [12, 33]
while a direct matching would give Λ ∼MX . Since we consider only four-quark operators, the operator power
counting scheme is not so important. We simply use a general notation Λ which can be properly interpreted
later.
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Figure 3. RG-induced total top asymmetries in units of %. Dashed lines are the top asymmetry in
high-mass region mtt¯ > 800 GeV . Models are matched at Λ and RG evolved to the mt scale where
top asymmetries are calculated. Shaded regions are disfavored by top pair cross-section measurements
at 2σ level. Λ = 3 TeV .
O(8)AA. Four models, VV(8), VV(1) and AA(8), AA(1) are considered to illustrate each pattern.
They span a whole set of models that can induce top asymmetries first at one-loop order.
RG-induced Wilson coefficients of OVV and OAA are evaluated in Fig. 2, the top asym-
metry at Tevatron is calculated in the plane of model parameters in Fig. 3 and detailed model
predictions are compared with current data in Table 2.
The model VV(1) can have largest RG effects on the asymmetry. With gu,t ∼ 2.5 at
Λ = 3TeV, the VV(1) model induces the observable size of top asymmetries in the high-mass
region (mtt¯ > 650 GeV ); see Table 2 that about 9% asymmetry is predicted while current
theoretical uncertainty is only about 4.3%. With a weaker coupling about QCD coupling
strength, however, the effect falls below the current theoretical uncertainty as shown in Fig. 3.
The VV(1)’s RG-induction of top asymmetries is analogous to the QED’s generation of
top asymmetries at one-loop order. QED does not interfere with QCD at tree-level, thus no
asymmetry is generated. At one-loop order, however, it interferes with QCD through box
diagrams and generates non-zero asymmetries [34]. This underlying physics is captured by
QCD RG evolutions here. Consider a heavier version of photons so called heavy photons. The
box diagram inducing the top asymmetry is drawn as Fig. 4(a) in the full theory side. If heavy
photons are integrated out to form O(1)VV effective operators at Λ, the subsequent QCD RG
evolution of the operators inducing the top asymmetry are triggered by diagram Fig. 4(b).
Notably and clearly, two diagrams in Fig. 4 are originated from the same physics. One can
effectively think of the mechanism of QED’s generation of top asymmetries in terms of the
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Figure 4. (a) QCD-QED box diagrams generating the top asymmetry. (b) QCD RG evolution of
four-quark operators. If photons were heavy in (a), integrating out heavy photons approximately
reproduces the diagram (b).
relevant operator mixing and induction.
In exactly the same way, the QCD’s generation of top asymmetries through the one-loop
box diagrams [35] are analogous to the RG-induction of top asymmetries from the VV(8)
model – note that O(8)AA is RG-induced from O(8)VV. However, the VV(8) model interferes with
the SM at tree-level modifying the top pair production rate sizably, thus this type of models
is strongly constrained as depicted in Fig. 3.
Another notable result in Fig. 2 is that the AA(1) model induces a small O(8)AA operator.
It is actually related to the fact that the VV(1) model has the largest RG effects on the
top asymmetry. There are several ways to understand this. First of all, the approximate
solution in Eq.(4.4) shows that the C(1)VV(Λ) is a main source of the low-energy C
(8)
AA(mt).
Equivalently, one can also find its origin from the 4 × 4 ADM in Eq.(4.2). Off-diagonal
elements of each 2 × 2 sub-matrix have the same magnitude but just opposite signs; one is
12 and the other is −12. For the VV(1) model, the same C(1)LL = C(1)LR color-singlet Wilson
coefficients would induce approximately opposite C(8)LL = −C(8)LR color-octet coefficients, thus
a maximal C(8)AA ∝ C(8)LL − C(8)LR + · · · . By exactly the same argument, on the other hand, the
AA(1) model with C(1)LL = −C(1)LR would induce large C(8)VV ∝ C(8)LL +C(8)LR + · · · but small C(8)AA.
In Ref. [36], based on the QCD eikonal approximation and its color structure, it was shown
that soft real correction contributions to top asymmetries are very small for the AA(1) model
(but not small for the VV(1)), and the soft virtual correction would have similar suppression
because it is inherently related to the soft real correction to cancel soft singularities in inclusive
processes. The arguments based on the QCD eikonal approximation and on the ADM should
be related with each other via QCD color factors; see also Refs. [37–40] for how QCD color
factors are related with top asymmetries.
We make a useful but warning remark on Fig. 3; the figure shows that the VV(8) and
VV(1) with gugt > 0 , i.e., same-sign couplings, can induce positive top asymmetries. This
feature may interestingly imply that a model may not need any flavor structure to induce a
positive asymmetry – in other words, flavor-independent couplings are good enough. Although
QCD and QED can do so, it is known that the majority of new physics models need some
flavor structure for the positive asymmetry. The only known possible new physics model
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Figure 5. Same as in Fig. 2 but showing other Wilson coefficients for models with parity-odd opera-
tors.
without flavor structure is light axigluons [41–43]. Thus, the possibility of flavorless model
building is thought exciting. However, the full one-loop study of the VV(1) model in Ref. [36]
showed that the actual top asymmetry induced at one-loop order has an opposite sign from
that predicted solely based on the RG calculation here. As will be discussed in Sec.5, this is
due to full one loop contributions that are not large logarithmic and not resummed by our RG
calculation. Nevertheless, we emphasize that the useful qualitative discussions on the operator
mixing pattern (hence, the classification of models for the loop-induced asymmetries) remain
true.
4.4 RG-induction and -mixing of top polarizations
Next interesting observable is the top polarization. Although the polarization is currently
measured only at the LHC with a low accuracy [44, 45], the Tevatron has been measuring
spin correlations based on related techniques. It is also known that many new physics can be
efficiently measured and distinguished through the polarization measurements [17, 18, 21, 46].
At tree-level, the top polarization is induced by O(8)VA operator. All possible RG-induction
of top polarizations is thus based on one of the following operator mixing patterns: O(8)AV,O(1)AV,O(1)VA →
O(8)VA. Three models, AV(8), AV(1) and VA(1), are considered to illustrate each pattern. They
span a whole set of models that can induce top polarizations first at one-loop order. Similarly,
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Figure 6. RG-induced top polarizations in %. Dashed lines(left) are polarizations withmtt¯ > 800GeV,
and dotdashed lines(right) are tree-level results without RG effects added. All other details are as in
Fig. 3.
the left- and right-handed top polarizations can mix under QCD RG evolution in the sense
that one polarization can induce the other based on the operator mixing OVR ↔ OVL.
RG-induced Wilson coefficients are evaluated in Fig. 5, the Tevatron top polarization is
calculated in the plane of model parameters in Fig. 6 and model predictions (with and without
RG effects taken into account) are compared in Table 3.
The model AV(1) can have largest RG effects on the polarization. With gu,t ∼ 2.5 at
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Figure 7. Top asymmetries(left) and polarizations(right) are show with(solid) and with-
out(dotdashed) RG effects are taken into account; solid lines are only leading-order tree-level pre-
dictions.
Λ = 3TeV, the AV(1) model induces ∼ 17% polarization withmtt¯ > 800GeV which may be big
enough to be measured. Although no certain higher-order calculation of the top polarization
is available, theoretical uncertainties of polarizations will not be much larger than that of the
top asymmetry. With a weaker coupling about QCD coupling strength, the polarization falls
down to 3%. The top polarization can also be mixed by QCD RG evolution. The VR(8) model
induces a positive right-handed top polarization at tree-level, but the right- and left-handed
tops are mixed by QCD RG evolution and the polarization is enhanced slightly; see Fig. 6.
Numerically, the enhancement is small, however: P(t) = 23% → 24% with gu,t = 2.5 and
mtt¯ > 800GeV as partly shown in Table 3.
We also observe from Fig. 5 that the AV(1) induces a large C(8)VA while the VA(1) does
not (rather, it induces a large C(8)AV). It is understood similarly as why the VV(1) induces a
large C(8)AA while the AA(1) induces a large C
(8)
VV as discussed in Sec.4.3. The approximate
solution of the RG equation in Eq.(4.6) can again be used to understand it. Also, from the
opposite signs of off-diagonal elements in the ADM Eq.(4.2), one can expect that C(1)AV =
1
4(C
(1)
LL + c
(1)
LR − C(1)RR − C(1)RL) induces a large C(8)VA = 14(C
(8)
LL − C(8)LR − C(8)RR + C(8)RL).
Another interesting feature in Fig. 5 that does not exist in the parity-even sector in
Fig. 2 is that parity-even operators are RG-induced from parity-odd operators. This is due to
penguin effects and will be discussed in later subsections.
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4.5 RG effects as subleading corrections
RG effects as sub-leading corrections are also important results to discuss. Needless to say that
measuring new physics parameters from low-energy data requires such RG effects to be taken
into account. From approximate solutions in Eq.(4.3)-Eq.(4.6), the fractional corrections for
all operators in the V–A basis induced by themselves are
ci(mt)− ci(Λ)
ci(Λ)
' 9αs(Λ)
4pi
ln
Λ
mt
. (4.10)
This is numerically about 16% for Λ = 3TeV. By taking the AA(8) and the VA(8) models which
generate top asymmetries and polarizations at tree-level respectively, we show the relative sizes
of sub-leading RG effects in Fig. 7. The full results in Fig. 7 including penguin effects and
cross-section shifts tend to slightly enhance the fractional correction to the top asymmetry and
to suppress that to the polarization. Penguin effects are not same on the parity-even and -odd
sectors, and they also modify the total cross-section which then normalizes the observables
differently; see Sec.4.7 for related discussion. In any case, 5∼ 20% NLO corrections are
expected for all observables which is a typical size of NLO corrections.
4.6 RG-induced versus the square of tree-level operators
We have been interested in the RG-induction of operators and their interference with QCD in
the top pair productions. Does the square of effective operators at tree-level contribute with
similar sizes? Parametrically, both effects are of similar order as(
C
m2t
Λ2
)2
∼ αs ·
(
C
m2t
Λ2
)
αs
4pi
ln
mt
Λ
∼ O(0.01), (4.11)
where the left-hand side denotes the naive estimations of square of tree-level effective opera-
tors whereas the right-hand side denotes the interference between QCD and the RG-induced
effective operator. We analytically calculate the contributions of O(1/Λ4) in Appendix C.
Notably, if one starts with only one operator in the V–A basis, no observables other than the
total cross-section (and spin-correlation) are affected at O(1/Λ4). Thus, all the RG-induced
effects from the models, VV, AA, AV, VA, discussed in this paper are indeed leading effects.
It is another reason to use the V–A basis for the operator mixing.
On the other hand, the total cross-section always receives the contributions from the
square of effective operators. Thus, RG-induced cross-sections may not be the leading ones,
and we do not further study them.
4.7 Penguin effects in inferring the scale Λ
At the interference level, the top pair production depends on the C/Λ2 ∼ gugt/Λ2 combi-
nation. At higher-order, however, the production depends on individual model parameters.
For example, g2u and g2t become individually influential through penguin diagrams. In Fig. 8,
we show how operators evolve with different choices of gu and gt restricted to have the same
– 21 –
1000 2000 3000 4000 5000
0.0
0.5
1.0
1.5
LHGeVL
cHm
tL
Model VVH8L
cVV
H8L
cAA
H8L
gu=1, gt=-1
gu=2, gt=-12
gu=12, gt=-2
1000 2000 3000 4000 5000
0.0
0.2
0.4
0.6
0.8
1.0
1.2
LHGeVL
cHm
tL Model VAH8L
cVA
H8L
cVV
H8L
Figure 8. Different RG trajectories from three different sets of parameters giving the same product
gugt. The VV(8)(left) and VA(8)(right) models are used for illustrations.
product gugt = −1. Notably, C(8)VV varies significantly depending on individual parameters
while other Wilson coefficients are not so sensitive.
Consider penguin effects converting the (u¯γµT au)A(u¯γµT au)B operators to the (u¯γµT au)C(t¯γµT at)D
operators. The penguin conversion of the latter to the former operators has indirect and
smaller effects on top pair productions, and therefore we ignore them in this approximate
discussion. The ADM γ for the relevant penguin conversion within the fully expanded basis
described in Appendix B is given by
uuut 3 αs
4pi

8
9
8
9 0 0
2
3
2
3
2
3
2
3
0 0 89
8
9
 , (4.12)
where the basis consists only of color-octet operators with (AB) = (LL,LR = RL,RR) and
(CD) = (LL,LR,RL,RR). See Appendix B for the notation in the left-hand side. It is
convenient to transform the ADM to the V–A basis if we define models to have either vectorial
or axial-vectorial couplings. Now (AB) = (VV,AA)4 and (CD) = (VV,AA,AV,VA), and the
ADM becomes
uuut 3 αs
4pi
(
80
9 0 0 0
−169 0 0 0
)
. (4.13)
Interestingly, in this approximation, penguin diagrams induce only VV-type four-quark op-
erators, OVV, in the (u¯γµu)(t¯γµt) sector. This explains why CVV is most sensitive to the
underlying model parameters through penguin effects. In other words, when the scale Λ and
model parameters are inferred, the total cross-section data should be especially used with care
by taking into account the effects from full RG evolutions as well as the square of effective
operators.
4Note that AV- or VA-type currents (u¯γµT au)A(u¯γµT au)B do not exist at Λ if we define models to have
either vectorial or axial-vectorial couplings to up quarks, for example.
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It is also worthwhile to summarize penguin effects discussed in several places in this
paper. Penguin effects cannot be symmetric to the parity-even and -odd sectors because QCD
is parity-conserving. They especially modify the total cross-section which may be measurable
and then normalizes the observables differently. They make the low-energy prediction sensitive
to the underlying model parameters even though those parameters would predict the same
physics at tree-level.
5 Validity check: RG as a proxy of one-loop effects
In Sec.4.3, we have noticed that the sign of the RG-induced top asymmetry from effective
theory calculation is opposite to that of the full theory one-loop results in Ref. [36]. In this
section, we discuss two possible origins of the discrepancy: missing one-loop diagrams that
have no overlap with the RG calculation and terms other than large logarithms in effective
theory one-loop diagrams. We also discuss the validity of the four-quark effective theory.
First of all, our RG calculation does not include the interference between one-loop QCD
box diagrams of the SM and tree-level effective operators that contribute to the forward-
backward asymmetric cross-section. These interference diagrams are called missing one-loop
diagrams in this section; by missing diagrams, we mean that their contributions have no
overlap with our RG calculation. On the other hand, the one-loop amplitudes of the effective
theory contain large logarithms ofO(αs log Λ/mt) as well as other non-large-logarithmic terms.
The large logarithmic terms are overlapped with our RG contribution and are resummed to all
order in αs. The non-large-logarithmic terms as well as the missing diagrams do not give rise
to the operator running, and we have taken them to be sub-leading to the large logarithmic
terms. Numerically, however, it turns out that the missing diagrams can be as important as
the leading logarithms.
In Fig. 9, we compare various contributions of the box diagram (b) and (c) in Fig. 1
for the VV(1) effective theory and the VV(1) toy model of heavy Xµ gauge bosons. The
corresponding box diagram for the toy model consists of one gluon and one Xµ. Since the
results of the effective theory(black-dashed) and the toy model(black-solid) agree well even
to the high-mass region, the validity of the effective theory is not threatened. Rather, we
observe that the non-logarithmic contributions(blue-dashed) are sizably negative compared
to the logarithmic ones(red-dashed). In any case, the logarithmic contributions are larger5.
Thus, we conclude that the sign flip is largely due to the missing diagrams rather than the
non-logarithmic contributions.
Do missing diagrams exist for other top pair observables? We can, at least, argue that
similar missing diagrams exist for other observables. The main point in our argument is that
there are two operator sets that can interfere and induce the same observable. For example,
O(8)VV and O(8)AA as well as O(1)VV and O(1)AA can interfere and induce the top asymmetry. The latter
is actually related to why the missing interference diagrams contribute. The one-loop QCD
5The leading expansion in αs of the leading-log resummed result(red-solid in Fig. 9) gives the large log
terms in red-dashed. It turns out that the resummation effect is marginal -15% to the large log terms.
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Figure 9. The differential σFB with respect to tt¯ invariant mass. The VV(1) effective theory box
diagram (b) and (c) in Fig. 1 (black-dashed) are decomposed into large logarithmic terms (red-dashed)
and non-large-logarithmic terms (blue-dashed). The red-solid is the leading-log resummed result. The
black-solid is the one-loop result of a VV(1) toy model with MX = 3 TeV and gu = gt = 1. See text
for more discussion.
box can be effectively thought of as the QCD running of O(8)VV which would induce O(1)AA (among
many) and interfere with tree-level O(1)VV of the VV(1) model – this is effectively the missing
contribution. Exactly in the same way, all top pair observables have two sets of operators that
can interfere and induce them. For the top polarization from the AV(1) model, for another
example, the O(1)AA from the QCD box diagram interferes with the tree-level O(1)AV to induce
missing contributions to the polarization. The numerical sizes of such missing contributions
are, however, a priori not known until the full one-loop results of a model is available.
We find it useful to compare the RG effects on the top pair and the h → γγ studied in
Ref. [8]. Based on the similar argument made above, we conclude that missing diagrams do
not exist for the h → γγ. It is because only one (CP-even) operator OFF = H†HFµνFµν
can contribute to the process. Suppose that, in the effective theory, the OFF operator is
RG-induced but absent at tree-level. Then, the one-loop SM diagrams inducing the OFF
interfere only with the RG-induced OFF but not with the tree-level operators of the effective
theory. This is the only contribution in this case (thus, no missing diagrams) whose logarithmic
contributions are indeed resummed by the RG calculation. This contrast makes it clear why
the missing diagrams exist in top pair observables.
In all, for top pair productions, one-loop corrections to the effective theory may be numeri-
cally as important as one-loop RG effects, and full one-loop calculation is motivated. One-loop
effects can be consistently implemented by performing consistent one-loop calculation in the
effective theory framework. A few useful one-loop results of new physics models are already
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available, e.g. in Refs. [4, 5, 36]. We emphasize that our qualitative discussions will still be
valid regardless of whether missing diagrams exist or not. Although a full one-loop calculation
would be numerically more accurate as it should be, it will not tell us much more about the
higher-order physics.
6 Summary and conclusions
Useful to the future top pair precision test is the categorization of possible one-loop phenomena
of new physics. All top pair observables in the process qq¯ → tt¯ can be induced at one-loop
order of new physics even when they are not induced at tree-level. We summarize which
underlying models can induce which observables at one-loop and the related operator mixing
patterns of four-quark effective operators:
• VV(1), AA(1), VV(8) → AFB based on the mixing O(1)VV,O(1)AA,O(8)VV → O(8)AA,
• AV(1), VA(1), AV(8) → P(t) based on the mixing O(1)AV,O(1)V A,O(8)AV → O(8)VA,
• VA(1), AV(1), VA(8) → DFB based on the mixing O(1)VA,O(1)AV,O(8)VA → O(8)AV.
Models are introduced in Table 1, and parity quantum numbers of operators and corresponding
observables are summarized in Eq.(2.18). Interestingly, color-singlet models (the first model
in each item listed above) generally induce the largest RG effects even though they do not
contribute at tree-level. The maximal effects on the top asymmetry (and perhaps also on
the polarzation) from color-singlet models are larger than theoretical uncertainties on the
observables, thus will be measurable in the future; see Table 2 and 3. One should keep in
mind that our estimation is based solely on the RG evolution of effective operators which
resums large leading logarithms, but there are other contributions at full one-loop order that
can be numerically important as discussed in Sec.5. Motivated from these, we have carried
out the one-loop calculation and related collider studies of certain color-singlet models in
Ref. [36] which is useful on its own and for future one-loop effective theory calculation. In
the upcoming precision era, we hope that our discussions based on the global QCD RG
evolution can insightfully motivate more dedicated model buildings, higher-order calculations
and collider physics studies.
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A ADM for the tree-penguin classified basis
Leading order one loop diagrams for calculating ADM of effective four quark operators are
shown in Figure 1. Diagrams in first line are tree diagrams while diagrams in second line
are penguin diagrams. Here, we describe ADM of following ordered operators with arbitrary
generation indices i, j (i 6= j) and flavor index q, q′ (q 6= q′). The RG equation of any operator
from the full set can be inferred from this ADM.
Tree : O(1)QiQj , O
(8)
QiQj
, O(1)QiQi , O
(8)
QiQi
, O(1)QjQj , O
(8)
QjQj
,
O(1)qq′ , O(8)qq′ , O(8)qq , O(8)q′q′ ,
O(1)Qiq,O
(8)
Qiq
,O(1)Qiq′ ,O
(8)
Qiq′ ,O
(1)
Qjq
,O(8)Qjq,O
(1)
Qjq′ ,O
(8)
Qjq′ , (A.1)
Penguin : O(1)QiΣQ , O
(8)
QiΣQ
, O(1)QjΣQ , O
(8)
QjΣQ
,
O(1)qΣq ,O
(8)
qΣq
,O(1)q′Σq ,O
(8)
q′Σq ,
O(1)QiΣq ,O
(8)
QiΣq
,O(1)QjΣq ,O
(8)
QjΣq
,
O(1)qΣQ ,O
(8)
qΣQ
,O(1)q′ΣQ ,O
(8)
q′ΣQ , (A.2)
Double Penguin : O(1)ΣQΣQ ,O
(8)
ΣQΣQ
,O(1)ΣqΣq ,O
(8)
ΣqΣq
,O(1)ΣQΣq ,O
(8)
ΣQΣq
. (A.3)
We find that 40× 40 anomalous dimension matrix γ has following block-triangular form
γ =

γtt γtp 0
0 γpp γpd
0 0 γdd
 . (A.4)
Note that tree operators mix with only penguin operators and themselves while penguin
operators mix with only double penguin operators and themselves. Double-penguin operators
do not mix with neither tree operators nor penguin operators. It should be emphasized that
off-diagonal components γtp, γpd are quite smaller than diagonal components γtt, γpp, γdd
since they are induced from penguin diagrams and therefore they do not have large Dirac
contraction factor. This feature indicates that mixing effect between tree and penguin or
penguin and double-penguin operators during RG evolution is much smaller than their own
RG evolution.
The anomalous dimension matrix γ of effective operators is expanded in αs as
γ =
∑
k=0
γ(k)
(αs
4pi
)k+1
. (A.5)
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The leading order sub-matrices of Eq. (A.4) are as follows.
γ
(0)
tt =

0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
8
3 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 83 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 83 −4 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 12 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 83 −4 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −12 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −83 −14 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −12 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −83 −14 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −12 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −83 −14 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −12
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −83 −14

. (A.6)
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γ
(0)
tp =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 43 0
4
3 0 0 0 0 0
4
3 0
4
3 0 0 0 0
0 83 0 0 0 0 0 0 0
8
3 0 0 0 0 0 0
0 149 0 0 0 0 0 0 0
14
9 0 0 0 0 0 0
0 0 0 83 0 0 0 0 0 0 0
8
3 0 0 0 0
0 0 0 149 0 0 0 0 0 0 0
14
9 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 23 0
2
3 0 0 0 0 0
2
3 0
2
3
0 0 0 0 0 89 0 0 0 0 0 0 0
8
9 0 0
0 0 0 0 0 0 0 89 0 0 0 0 0 0 0
8
9
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 23 0 0 0
4
3 0 0 0
2
3 0 0 0
4
3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 23 0 0 0 0 0
4
3 0
2
3 0 0 0 0 0
4
3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 23 0
4
3 0 0 0 0 0
2
3 0
4
3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 23 0 0 0
4
3 0 0 0
2
3 0 0 0
4
3

. (A.7)
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γ(0)pp =

0 443 0 0 0 0 0 0 0
8
3 0 0 0 0 0 0
8
3
6nf−40
9 0 0 0 0 0 0 0
6nf−4
9 0 0 0 0 0 0
0 0 0 443 0 0 0 0 0 0 0
8
3 0 0 0 0
0 0 83
6nf−40
9 0 0 0 0 0 0 0
6nf−4
9 0 0 0 0
0 0 0 0 0 443 0 0 0 0 0 0 0
8
3 0 0
0 0 0 0 83
6nf−40
9 0 0 0 0 0 0 0
6nf−4
9 0 0
0 0 0 0 0 0 0 443 0 0 0 0 0 0 0
8
3
0 0 0 0 0 0 83
6nf−40
9 0 0 0 0 0 0 0
6nf−4
9
0 0 0 0 0 0 0 0 0 −12 0 0 0 0 0 0
0
2nf
3 0 0 0 0 0 0 −83
2nf−42
3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −12 0 0 0 0
0 0 0
2nf
3 0 0 0 0 0 0 −83
2nf−42
3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −12 0 0
0 0 0 0 0
2nf
3 0 0 0 0 0 0 −83
2nf−42
3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −12
0 0 0 0 0 0 0
2nf
3 0 0 0 0 0 0 −83
2nf−42
3

.
(A.8)
γ
(0)
pd =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 43 0
4
3 0 0 0 0 0 0 0 0 0
2
3 0
2
3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 23 0
2
3 0
4
3 0
4
3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 43 0
4
3 0
2
3 0
2
3 0
4
3 0
4
3 0
2
3 0
2
3

T
. (A.9)
γ
(0)
dd =

0 443 0 0 0
8
3
8
3
12nf−40
9 0 0 0
12nf−4
9
0 0 0 443 0
8
3
0 0 83
12nf−40
9 0
12nf−4
9
0 0 0 0 0 −12
0
2nf
3 0
2nf
3 −83
4nf−42
3

. (A.10)
B 144×144 ADM for the fully expanded basis
The basis is introduced in Sec.3.1.2. Including all six flavors, independent 144 operators
are counted as follows. For 6 × 5 × 1/2 = 15 combinations of (q, q′), where q 6= q′ for the
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current-current jµq jq′µ, four chiralities (LL,LR,RL,RR) and two colors (octet or singlet) are
possible. For six combinations of q = q′, only four combinations, LL(8),LR(1),LR(8),RR(8)
are possible since color-singlet operators of LL or RR are reduced to their octet counterparts.
In total, 15 × 8 + 6 × 4 = 144. However, if the SU(2)L gauge symmetry is imposed, not
all operators are independent. In this basis, SU(2)L symmetry can be imposed by SU(2)L
invariant boundary conditions at the matching scale, i.e., guL = gdL , etc. QCD RG evolution
will then preserve the SU(2)L.
All information of our full 144× 144 ADM is contained in the following subset
γ =
αs
4pi

1 5 13 17 21 29
(uu) (ut) (tt) (dd) (ud) (td)
(uu) uuuu uuut 0 0 uuut 0
(ut) utuu utut uttt 0 udut tddb
(tt) 0 ttut uuuu 0 0 uuut
(dd) 0 0 0 uuuu ttut ttut
(ud) utuu udut 0 uttt utut udtd
(td) 0 tdut utuu uttt udtd utut

. (B.1)
Each row and column is labeled as (qq′) which means operators of (q¯q)(q¯′q′) type. Each label
(qq′) is 4(8)-dimension if q = q′(q 6= q′) for the chirality and color indices. On the top of
the matrix, we explicitly show the numbering of the first operator in each (qq′) sector. For
the 8-dimensional (qq′) sector, the order of operators is O(1,8)LL ,O(1,8)LR ,O(1,8)RL ,O(1,8)RR . For the
4-dimensional (qq′) sector, the order is O(8)LL ,O(1,8)LR ,O(8)RR. The sub-matrix utuu (where (ut)-
row and (uu)-column meet), for example, describes operator mixing from (u¯u)(t¯t)-type into
(u¯u)(u¯u)-type. Since there are 8 independent (u¯u)(t¯t) operators and 4 independent (u¯u)(u¯u)
operators, the sub-matrix utuu is 8× 4 dimension.
The full 144×144 ADM contains many repeated sub-matrices; only 10 different sub-
matrices appear. One can use our results to construct the ADM for a theory with any number
of flavors. For example, the ADM for the (ut) row and the (bt) column (which means the
induction of the (bt) from the (ut)) is given by the (utbt) = (udtd) above; the equality is
obtained simply by renaming the flavors.
We list all 10 sub-matrices appearing in Eq.(B.1).
uuuu =

44
9 0
8
9 0
0 0 −12 0
2
3 −83 −383 23
0 0 89
44
9
 , uuut =

0 89 0
8
9 0 0 0 0
0 0 0 0 0 0 0 0
0 23 0
2
3 0
2
3 0
2
3
0 0 0 0 0 89 0
8
9
 (B.2)
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utuu =

0 0 0 0
2
3 0
2
3 0
0 0 0 0
2
3 0
2
3 0
0 0 0 0
0 0 23
2
3
0 0 0 0
0 0 23
2
3

, utut =

0 12 0 0 0 0 0 0
8
3 −83 0 23 0 23 0 0
0 0 0 −12 0 0 0 0
0 23 −83 −383 0 0 0 23
0 0 0 0 0 −12 0 0
0 23 0 0 −83 −383 0 23
0 0 0 0 0 0 0 12
0 0 0 23 0
2
3
8
3 −83

(B.3)
uttt =

0 0 0 0
2
3 0
2
3 0
0 0 0 0
0 0 23
2
3
0 0 0 0
2
3 0
2
3 0
0 0 0 0
0 0 23
2
3

, ttut =

0 89 0 0 0
8
9 0 0
0 0 0 0 0 0 0 0
0 23 0
2
3 0
2
3 0
2
3
0 0 0 89 0 0 0
8
9
 (B.4)
udtd =

0 0 0 0 0 0 0 0
0 23 0 0 0
2
3 0 0
0 0 0 0 0 0 0 0
0 0 0 23 0 0 0
2
3
0 0 0 0 0 0 0 0
0 23 0 0 0
2
3 0 0
0 0 0 0 0 0 0 0
0 0 0 23 0 0 0
2
3

, udut =

0 0 0 0 0 0 0 0
0 23 0
2
3 0 0 0 0
0 0 0 0 0 0 0 0
0 23 0
2
3 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 23 0
2
3
0 0 0 0 0 0 0 0
0 0 0 0 0 23 0
2
3

(B.5)
tdut =

0 0 0 0 0 0 0 0
0 23 0 0 0
2
3 0 0
0 0 0 0 0 0 0 0
0 23 0 0 0
2
3 0 0
0 0 0 0 0 0 0 0
0 0 0 23 0 0 0
2
3
0 0 0 0 0 0 0 0
0 0 0 23 0 0 0
2
3

, tddb =

0 0 0 0 0 0 0 0
0 23 0
2
3 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 023 0
2
3
0 0 0 0 0 0 0 0
0 23 0
2
3 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 23 0
2
3

(B.6)
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C O(1/Λ4) contributions
We list the helicity cross-sections and top pair observables including O(1/Λ4) terms. We aim
to answer whether the contributions from the square of effective operators are as important
as the RG-induced effects; see Sec.4.7 for the related discussion.
The helicity cross-sections from the square of color-octet effective operators are
σ++ = σ−− 3 1
432pisˆ
m2tβt
sˆ
(
sˆ
Λ2
)2 [
(C
(8)
LL + C
(8)
LR)
2 + (C
(8)
RL + C
(8)
RR)
2
]
, (C.1)
σ+− 3 1
864pisˆ
βt
(
sˆ
Λ2
)2 [(
(1− βt)C(8)LL + (1 + βt)C(8)LR
)2
+
(
(1− βt)C(8)RL + (1 + β)C(8)RR
)2]
, (C.2)
σ−+ 3 1
864pisˆ
βt
(
sˆ
Λ2
)2 [(
(1 + βt)C
(8)
LL + (1− βt)C(8)LR
)2
+
(
(1 + βt)C
(8)
RL + (1− β)C(8)RR
)2]
. (C.3)
The forward-backward asymmetric helicity cross-sections are (defined as in Eq.(2.7))
a++ = a−− 3 0, (C.4)
a+− 3 1
1152pisˆ
βt
(
sˆ
Λ2
)2 [
−
(
(1− βt)C(8)LL + (1 + βt)C(8)LR
)2
+
(
(1− βt)C(8)RL + (1 + βt)C(8)RR
)2 ]
,
(C.5)
a−+ 3 1
1152pisˆ
βt
(
sˆ
Λ2
)2 [
−
(
(1− βt)C(8)RR + (1 + βt)C(8)RL
)2
+
(
(1− βt)C(8)LR + (1 + βt)C(8)LL
)2 ]
.
(C.6)
The O(1/Λ4) terms contribute to the observables as
σtot 3 βt
2304pisˆ
(
sˆ
Λ2
)2
·
[ 32
3
m2t
sˆ
((
C
(8)
LL + C
(8)
LR
)2
+
(
C
(8)
RR + C
(8)
RL
)2)
+
8
3
(
(1− βt)2 + (1 + βt)2
)(
C
(8)
LL
2
+ C
(8)
LR
2
+ C
(8)
RL
2
+ C
(8)
RR
2)
(C.7)
+
32
3
(1 + βt)(1− βt)
(
C
(8)
LLC
(8)
LR + C
(8)
RLC
(8)
RR
) ]
.
σFB 3 βt
1152pisˆ
(
sˆ
Λ2
)2
·
[ (
(1 + βt)
2 − (1− βt)2
)(
C
(8)
LL
2
+ C
(8)
RR
2 − C(8)LR
2 − C(8)RL
2) ]
. (C.8)
σPt 3
βt
2304pisˆ
(
sˆ
Λ2
)2
·
[ 8
3
(
(1 + βt)
2 − (1− βt)2
)(
C
(8)
RR
2
+ C
(8)
LR
2 − C(8)RL
2 − C(8)LL
2) ]
. (C.9)
σDFB 3
βt
1152pisˆ
(
sˆ
Λ2
)2
·
[ (
(1− βt)2 + (1 + βt)2
)(
C
(8)
RL
2
+ C
(8)
RR
2 − C(8)LL
2 − C(8)LR
2)
+ 4(1 + βt)(1− βt)(C(8)RLC(8)RR − C(8)LLC(8)LR)
]
. (C.10)
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σCtt¯ 3
βt
2304pisˆ
(
sˆ
Λ2
)2
·
[
− 32
3
m2t
sˆ
((
C
(8)
LL + C
(8)
LR
)2
+
(
C
(8)
RR + C
(8)
RL
)2)
+
8
3
(
(1− βt)2 + (1 + βt)2
)(
C
(8)
LL
2
+ C
(8)
LR
2
+ C
(8)
RL
2
+ C
(8)
RR
2)
(C.11)
+
32
3
(1 + βt)(1− βt)
(
C
(8)
LLC
(8)
LR + C
(8)
RLC
(8)
RR
) ]
.
Among all observables, the total cross-section and spin-correlation are modified by all
OVV,AA,AV,VA operators at the O(1/Λ4). All other observables are not contributed from any
of these operators. This is another reason to use the V–A basis to discuss operator mixing
effects.
D Conversion between the L–R and V–A basis
Operators in the V–A basis can be decomposed into operators in the L–R basis
OVV = ORR +OLL +ORL +OLR, OAA = OLL +ORR −OLR −ORL,
OVA = ORR −OLL −ORL +OLR, OAV = ORR −OLL +ORL −OLR. (D.1)
Likewise, operators in the L–R basis can be transformed into the V–A basis
ORR = 1
4
(OVV +OAA +OVA +OAV) ,
OLL = 1
4
(OVV +OAA −OVA −OAV) ,
ORL = 1
4
(OVV −OAA −OVA +OAV) ,
OLR = 1
4
(OVV −OAA +OVA −OAV) . (D.2)
Thus, operator coefficients are related as
CVV =
1
4
(CRR + CLL + CRL + CLR) , CAA =
1
4
(CRR + CLL − CRL − CLR) ,
CVA =
1
4
(CRR − CLL − CRL + CLR) , CAV = 1
4
(CRR − CLL + CRL − CLR) , (D.3)
and
CRR = CVV + CAA + CVA + CAV, CLL = CVV + CAA − CVA − CAV,
CRL = CVV − CAA − CVA + CAV, CLR = CVV − CAA + CVA − CAV. (D.4)
Relations apply both to color-octet and -singlet operators.
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